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On the Bias and Mean Square Error
of Some Fertility Measures

1. Introduction

HILE the formulae for different fertility indicators are commonly given

in detailsin demographic literature, the methods of derivingthesampling
fluctuations of estimated rates based on sample studies arelacking. In the
present study we try to investigate the nature of bias and sampling variability
of the estimators of some of the indicators of fertility such astotal fertility
rate (TFR), gross reproduction rate (GRR) and net reproduction rate (NRR).
We give estimators of M SEs of these rates which can be used for giving con-
fidence intervals for these rates.

It is to be noted that sample TFR is the sum of age specific fertility rates.
Moreover age specific fertility rates are ratio of two estimators namely total
number of births and number of females. We know that generally ratio esti-
mators are biased estimates of a populat on parameter. Here in particular we
investigate the bias of age specific fertility rates for simple random sampling
with replacement (SRSWR) and simple random sampling without replacement
(SRSWOR). Using » method of expansion of aratio estimator we get that
these biases are zero upto third order of approximation. Thisisan important
observation that such cases do not necessarily happen for general ratio esti-
mators. As a consequence, upto third order of approximation the biases of
TFR, GRR and NRR are zero. Hence the mean square errors (MSE) are
approximately the variancess We get expressions of these MSEs upto third
order of approximation. We propose estimators for the MSEs of TFR, GRR
and NRR based on these approximations. These MSEs can be used to give
confidence intervals for the sample TFR, GRR and NRR. Till now these ferti-
lity rates wore estimated from samples but no formulae were available for the
sampling variances to give confidence intervals. Hence we give explicit expres-
sons for the estimators of MSEs for TFR, GRR and NRR.
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1. Notations and Definitions

We assume that Uy, Uy, . . ., Ur, is the population of females in the child
bearing age range (w,, w;). We draw a sample of size f from this pepulation by
SRSWR or SRSWOR (to be mentioned spzcifically when needed). Let i denote
the sample age specific fertility rate at age x last birth day (1.b.d.)and ¢,
denote the sample age specific fertility rate for female births only at age x 1.b.d.
Here I. denote the population age specific fertility rate at age x, and ’f_ denote
the population age specific fertility rate for female births only. The notations
for grouped ages are self explanatory. We denote by b, the number of births
for the mothers of age x in the sample and By denote the same for the population,
whereas f> denote the number of females at age x in the sample and F, denote
the same in the population, The sample estimate of [ is i which is explicitly
balfe.

We moreover assume that there can be at most one birth to a female because
we restrict ourselves to one year data. The incidence of multiple births being
negligible this assumption will not create a major problem in the estimation of
age specific fertility rates as well as the TFR, GRR, and NRR. In the next
section we give some useful results which will be used for the subsequent

derivations.

2. Some Preliminary Results

In this section we give expressions for B(i) and E(iz — I.) (iv — 14} which
we shall need for deriving the bias and MSE of TFR, GRR and NRR, we shall
use the notation WR for with replacement and WOR for without replacement.

We notice that Ech, = Bz and Ecfy = Fi where ¢ = F|[f. Hence we can use
the A.-method [i] of expansion for iz, By writing &, = (¢be — B,)/ B, and

= (c¢fz — Fz)/F; and assuming | A; | << 1 and | 8, ] < 1 which will hold in
most practical examples we ultimately get, neglecting third and higher order

terms,

Bl = Lt { 42 V() — : Cov (ba,fz)} @1
MSE (iz) = I? c'{; Vids) + =5 V(fm) .5 Cov bs f2) } 22)
E(is — L) Uy — 1) = Ll {———COVJf’Bf; B ”} 1

Substituting 1he expressions for the variances and covariances which can be
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found from the multinomial model for the case of SRSWR and generalised
hypergeometric model for the case of SRSWOR we get the following results.

Blis)wr = 0 (2.4)
B(iz)wor = 0 (2.5)
. Ff1 B, 1 Fy

MSE (is)won = I:T{E( 1 - 7) — E( 1 — 7)} (2.6)

. (F~fF B y F
MSE (is)wor = I} F=1 f{ ( 1 — 7 )— 7;.:—( 1 — 7)} (2.7
Ells — B} (iy — Fjvm =0 (2.8)
Ellx — 1) iy — L)won = 0 (2.9)

All the above cxpressions are obtained from (2.1) to (2.3) and hence are cxact
neglecting third and higher order terms. One thing to mention is that
Cov(bs, f) is not straightforward. We define g» = f2 — ba. Now

(bs, ga, f — bs — gz) ~ Trinomial (f. B Fo— B F—F )

F ' F
and
Cov (fx, bz) = Cov (b.:. £z + b)) = V(b.u) + Cov (bx, gx).

Similarly, for SREWOR we find Cov (bs, f5) from 3 dimensional hypergeome-
tric distribution.

A salient point to note is that unlike the general case of ratio estimators
which are biased even upto third order of approximation B(iz) turns out to be
zero upto third order of approximation. This happens because the expressions
for V(bs), Cov (b, f2) etc. turn out to be such that vltimately the expressions
cancel out to zero.

3. Estimators for MSE (i,)

Now we propose that MSE(iz) be estimated by putting unbiased estimates of
Fe and B: in the expressions for MSE(iz). Thus we get,

MSE (iz)wr = i} {—;:( 1— %"—) — ‘flT( | — j}—“)} (3.1)
b= G (1 )= £ £} o
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4, Bias and MSE of TFR and Estimaters of MSE

The sample TFR is given by TFR — 2 i for ungrouped [data and for

Wy
xl‘ouped data it is given by TFR (G) = 5+Z i, , where ,i, is the age specific
fertility for the age group [x, x + 5]. Therefore Bias of TFR is given by '

B(TFR) = E (x i — % I,)= T BG,)
w1 W wy

Thus, we have
B(TFR)wg = 0 (4.1)
and
B(TFR)wor = 0 (4.2)

Since everything remains same for the case of the grouped data only i, is
replaced by ,i, , B, is replaced by ;B, and F, is replaced by ,F, ; we get

B(TFR(G))wg = 0 . (4.3)
B(TFR(G))wor = 0 (4.4)
Thus the MSE of TFR is the approximate variance
MS2(TFR) = E(Zi, — X I, )}
=ZE@l, —L*+2 Z E(l, — L)y — Iy
x x>y

Since the second term is zero by Section 2. We get

MSE (TFR) e E Elie — L, = f MSE (i, ) (4.5)
Thus we get ‘
MSE (TFR)ws = 5 I} ;{;( | - ﬁ) -}—( 1 - —ﬁ-)} (4.6)
MSE (TFR)wos = I} %:Ll);{ ;( 1 - %—) . FL( 1L )}
(4.7

Similarly for grouped data

MSE (TFR(G))wa = 25 [2 (1 -2)- A (- <1
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The eétimators for the MSEs are obtained by replacing the MSE((, )'s by their
estimators.

MSE (TFR)wx = 3 ii{bi ( 1 — Da ) - ?’—(1 ——;—)} (4.10)
b

M§E(TFR)won = z:;‘ ((I; R {b (1 B T) f! (1 - )}

MSE (TFR(G))wor = 25 [z of M{ 1 (l - iB_‘H)

(4.11)
MSE (TFR(G))wg = 25 [z b {5;, ‘ﬁ ) o/ (1 B '}" )}]
(4.12)
MSE (TFR(G))wor = 25 [z siz ((§ Nn1 ﬁé ( 1- %)
- ;j{_( 1 — ij'—.)}] | | (4.13)

5. Bias and MSE of GRR and their Estimators

Wy
GRR for uagrouped data is given by £ /i, and for grouped data it is given
w1
bys- % .
X
Thus we see in case GRR b, and B, is replaced by b, and /B, , respectively
where 75, represents female births in the sample, 7B, is the same for the popu-
lation., Hence the Bias of GRR will be approximately zero as in the case of
TFR. The MSE and their estimators can be obtained as in the case of TFR.

Since the expression for MSE can be obtained from (4.6) to (4.9) by replacing
births by female births, we oniy mention the estimators of MSE for reference :

MSE (GRR)wx = . /a2 {T’}(l - jﬂ) — 7‘{ 1 — %)} G.1)

sseenarn - 1 G0 ) 40 )

(5.2)
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ya A ]

(5.3)
(1--4)

- o

6. Bias and MSE of NRR and their Estimators

3 201
MSE (GRR(G)we = 25 [2 2 {EE(I ~
X

MSE (GRR (@won = 25[ 3 6 (7 Do

The NRR for ungrouped data is given by 1/ly £ /i + /L, and for grouped
data NRR is given 1/7ly T [i - {L . Since Iy is the fema]e cohortand /L, is the
female life table stationary pOpuiatum at x, we have ‘I, and L, as constants.
Thus as usual we get bias of NRR approximately zero, MSEs can be similarly

found out,
The estimators of the MSE of NRR will be given by the following expres-

sions.

MSE (NRR)wz = T‘%[z L2 12 ,”1,_3(1 _ i-’;’rx_)
At 6

kISR )
i =

MSE (NRR (G))wr = 75 [2 SLE A ’t flb (1 B f; )

- =

MSE (NRR(G))wor = g [Z L4 g« J:; ; (‘ B %)

) =

(We note that the M§Es are always non-negative for TFR, GRR, and NRR.)
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It is interesting to note that sample TFR, GRR and NRR has lessr approxi-
mate variance under SRSWOR than SRSWR. Thus it seems it is reasonable
to use SRSWOR. The confidence intervals can be based on the inequalities
likeP{ | TFR - TFR | < I} > 1 - (MSE(TFR)/t2) and replacing MSE by
M SEs.
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